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Chapter 6: Superposition of Waves

EXERCISES [PAGES 156 - 157 6

Exercises | Q 1.1 | Page 156 @

Choosethe correct option:
When an air column in a pipe closed at one end vibrates such that three nodes

formed in it, the frequency of its vibrations is times the fundamental fr .
1. 2
2. 3
3. 4
4. 5 0
SOLUTION
When an air column in a pipe closed at one end vibrates tthree nodes are
formed in it, the frequency of its vibrationsis 5 times t tal frequency.
Exercises | Q 1.2 | Page 156 ) 4

Choosethe correct option.

If two open organ pipes of length 50 cm a sounded together produce 7 beats

per second, the speed of sound is.
1. 307 m/s
327 m/s

2.
3. 350 m/s
4. 357 m/s
SOLUTION O

357 m/s

Exercises | Q 1.3 |Rage 1l
Choosethe co
The tensian i ia

the original freq y.
1. 0

2. W2

ire is increased by 25%. Its frequency becomes times

6

e tension in a piano wire is increased by 25%. Its frequency becomes 1.12 times the
original frequency.

Exercises | Q 1.4 | Page 156
Choosethe correct option:
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Which of the following equations represents a wave travelling along Y-axis?
1. x=Asin (ky - wt)
2. y=Asin (kx - wt)

3. y=Asin (ky) cos (wt)
4. y = Acos (ky) sin (wt)
SOLUTION @

x = A sin (ky - wt)
Here x is the particle displacement of the wave and the wave is travelling alon%-
axis because the particle displacementis perpendicularto the direction o on.

Exercises | Q 1.5 | Page 156 \
Q

Choosethe correct option:
A standing wave is produced on a string clamped at one end and the other. The
length of the string

A
must be an odd integral multiple of 1
A *
must be an odd integral multiple of — \Q

must be an odd integral multiple of %
A

must be an even integral multiple

O

A
must be an odd inte Qple of 1

A standing wave is rodug\ a string clamped at one end and free at the other. Its
fundamental frequency is given by
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Exercises | Q 2.1 | Page 156

Answer in brief:

A wave is represented by an equation y = A sin (Bx + Ct). Given that the constants A, B
and C are positive, can you tell in which direction the wave is moving?

Equation of the wave isy = A sin (Bx + Ct).
When the variable of the equation is (Bx + Ct)

then the wave must be moving in the negative x direction.

Exercises | Q 2.2 | Page 156

Answer in brief:

A string is fixed at the two ends and is vibrating in its fétndamental mode. It is known that
the two ends will be at rest. Apart from these, isthere any pesition on the string which
can be touched so as notto disturb the motion of the string? What will be the answerto
this question if the string is vibrating in its fitst@ndisecond overtones?

SOLUTION

No. We know that in case of the fundamental'mode, all points except the ends are
vibrating with differentamplitudes.

Now, touching any point otherthanitheends will disturb the motion.

When the string will vibrate in thesfirst overtone there is a node also at the midpoint
which is stationary.

This midpoint can beitouched withoutdisturbing the motion.
Thus, we canisay thatthere is no point in the string that can satisfy the given condition.

Exercises ['Q2-yyPage 156
Answerdin brief
What are.harmonics and overtones?

SOLUTION

Harmmonic frequencies are whole number multiples of the fundamental frequency orthe

lowest frequency of vibration.
Considera vibrating string. The modes of vibration are all multiples of the fundamental
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and are related to the string length and wave velocity. Higher frequencies are found via

L
p
the relationship fa~=nf1, wavelength = Il whereL is the string length.

An overtone is a name given to any resonant frequency above the fundamental
frequency or fundamental tone.

The list of successive overtones for an object is called the overtone series. The first
overtone as well as all subsequentovertonesin the series may or may notbe an integer
multiple of the fundamental. Sometimes the relationship is that simple, and othertimes it
is more complex, depending on the properties and geometry of the vibrating object.

Exercises | Q 2.4 | Page 156

Answer in brief.

For a stationary wave set up in a string having both ends fixed, what is the ratio of the
fundamental frequency to the second harmonic?

SOLUTION

The fundamental is the first harmonic. Thereforey théatio “of thesfundamental frequency
(n) to the second harmonic (n1)is 1: 2.

Exercises | Q 2.5 | Page 156
Answer in brief.

The amplitude of a wave is representéd by'y = 0.2 sin 411 0.08 0.8
Find (a) wavelength, (b) frequghcyaand(c) amplitude of the wave.

in Sl units.

SOLUTION
. t X
Data:y = 0.2 sin 4} —— — —
0.08 0.8
2t 2
y=02sin2@ | =— — X
008 €0.8
. t X
y =G silm| —— — —
0.04 04
Ret UsseOmpare above equation with the equation of a simple harmonic progressive wave:
t t
J= Asin2n| — — = | =02sin2n _x
T ) 0.04 04

Comparing the quantities on both sides, we get,
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A=02m,T=004s5A=04m

~. (@) Wavelength (A) = 04 m
(b) F (n) L L 25 H
requency n) = — = —— = z
R Y

(c) Amplitude (A)= 0.2 m

Exercises | Q 3| Page 156

Answer in brief:
State the characteristics of progressive waves.

Progressive wave

A progressive wave is defined as the onward transmission of theywibratory motion of a
body in an elastic medium from one particle to the sugceessiveparticle.

Characteristics of a progressive wave

o Energyis transmitted from particle te,pafticle withoutthe physical transfer of
matter.

o The particles of the medium vibrate periodically abouttheir equilibrium positions.

« In the absence of dissipativeforcesy every particle vibrates with the same
amplitude and frequengybut difiers in phase from its adjacent particles. Every
particle lags behind in its state of motion compared to the one before it.

o Wave motion is doubly periodic, i.e., itis periodic in time and periodic in space.

« The velocity of,propagation through a medium depends upon the properties of
the mediume

o A tranSwerse'wave can propagate only through solids, butnot through liquids and
gases while alongitudinal wave can propagate through any material medium.

e Progressive waves are of two types: transverse and longitudinal. In a
transverse mechanical wave, the individual particles of the medium vibrate
perpendicular to the direction of propagation of the wave. The progressively
changing phase of the successive particles results in the formation of alternate
crests and troughsthat are periodicin space and time.

In an em wave, the electric and magnetic fields oscillate in mutually

perpendicular directions, perpendicular to the direction of propagation.In a
longitudinal mechanical wave, the individual particles of the medium vibrate
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alongthe line of propagation of the wave. The progressively changing phase of
the successive particles results in the formation of typical alternate regions of
compressions and rarefactions that are periodic in space and time. Periodic
compressions and rarefactions result in periodic pressure and density variations
in the medium. There is no longitudinal em wave.

Exercises | Q 4 | Page 156

Answer in brief:

State the characteristics of stationary waves.

SOLUTION

Stationary wave:

When two, identical, progressive waves of equal amplitudes and equal wavelengths and
traveling in a similar medium, along the similar straight line, but in oppesite directions,
interfere, and then the wave formed is called a standing waveer a stationary wave.

Characteristics of stationary waves:

1. Stationary waves are produced by the interference obtwo identical progressive
waves travelling in opposite directions, undegrceftain conditions.

2. The overall appearance of a standing wave is’of alternate intensity maximum
(displacementantinode) and minimum (displacementnode).

3. The distance between adjacéntnedes (or antinodes)is A/2.
4. The distance between successiVe node and antinode is AM/4.

5. There is no progressive change of phase from particle to particle. All the particles
in one loop, between two adjacent nodes, vibrate in the same phase, while the
particles in adjacent [oops are in opposite phase.

6. A stationary wave does not propagate in any direction and hence does not
transport'energythrough the medium.

Exercisgs | Q51| Page 156

Derive an expression for the equation of stationary wave on a stretched string.

When two progressive waves having the same amplitude, wavelength and speed
propagate in opposite directions through the same region of a medium, their
superposition under certain conditions creates a stationary interference pattern called a
stationary wave.
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Considertwo simple harmonic progressive waves, of the same amplitude A, wavelength
A, and frequency n = w/2, traveling on a string stretched along the x-axis in opposite

directions. They may be represented by
y1=A sin (wt - kx) (along the + x-axis) and........... ) 6
y2 = A sin (wt + kx) (along the — x-axis) ............ (2)

where k = 211/A is the propagation constant. %Q
iu

By the superposition principle, the resultant displacement of the particle of the [
at the point at which the two waves arrive simultaneously is the algebraic su

Y =Y1+Y2 = A [sin(wt- kx) + sin (wt + kx)] ®
Using the trigonometrical identity, \
3inC+3inD=2sin(C+D)cos(C_D), 0
2 2

y = 2A sin wt cos ( - kx)

= 2A sin wt cos kx . [ cOs (- kx) = CG;NQ

= 2A cos kx sin wt, .....(3) Q
~y =Rsinwt, e (4) 0

where R = 2A cos kX ...

Equation (4) is the equatic stationary wave.

Exercises | Q 6 | Page 196

Find the amplitude of the re
inwt, y2 = A2 sin(wt+ @)

given as yi1 :Al\
The am@&the resultantwave produced due to the interference of the two waves
is

2 2A0A A2

1 1Az cosp + Ajs

ercises | Q 7| Page 156

tantwave produced due to interference of two waves

State the laws of vibrating strings
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SOLUTION

The fundamental frequency of vibration of a stretched string or wire of uniform cross-

sectionis
1 T

n=—4/—
2LV m
where L is the vibrating length, m the mass per unit length (linear density) of the string, and T theffensien inthe

string. From the above expression, we can state the following three laws of vibrating strings.

1. Law of length: The fundamental frequency of vibrations of a stretched string is inverselfpropertional to its

vibrating length if the tension and mass per unit length are kept constant. IET and m onstant,

n o f or nL = constant.

2. Law of tension: The fundamental frequency of vibrations of a stretched 5tring ectly proportional to the
square root of the applied tension if the length and mass per unit length a t constant. If L and m are
constant,

n o \/T or nZ/T = constant.
3. Law of mass or (the law of linear density): The fu‘dar@qu of vibrations of a stretched string is
e

inversely proportional to the square root of its mass p\ ngth if the length and tension are kept constant.

If Land T are constant,
1 2

o or n©m = constant
4/ m

Exercises | Q 8| Page 156
Show that only odd harmonice ntin an air column vibrating in a pipe closed at

oneend.

Considerthe differentmodes of vibration of an air column within a pipe closed at one
end. Let I.&:) e of the pipe.
e

formed within the air column when the time taken by the sound
e a compression and rarefaction becomes equal to the time taken
travel twice the length of the tube. The standing waves are formed only
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A | F
| @
1 3 A
N

In the first mode of vibration of the air column, there is one node and ong antinode as

shown in the figure above.
If A is the length of the wave in the fundamental mode of @

Then, Length of the air column, L=N\/4 . Q
SAZAL e, 1) \

As velocity of the wave, v = nA Q

n = v/\ O

substituting (1) we get:
n = v/4L; Frequency of the funda de
In the second mode of vibrthe air column, two nodes and two antinodes are

formed.
In this case:

The length of the aireolumn, L=3A1/4
gth of the wave in the second mode of vibration,

where A1 ist av

=>A=4L/ \(
V= nl)\lo
O
\ ing (1), we get
@ 3v

v

i 'S T ap ™
3

This frequency is called the third harmonics or first overtone
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Similarly, during the third mode of vibration of the air column, three nodes and three
antinodes are formed.

Here,

The length of the air column, L = 5A2/4

where A2 is the wavelength of the wave in third mode of vibration,
SA2ZAL/5 e 1)

V = n2A2

n2= v/A2

substituting (1), we get

v v -
g —m —— — == a1l
2774 T 4L
b

This frequency is called the fifth harmonic or second overtone.

Thus, we see that the frequencies of the modes ©f vibrations aredn the ratio n:ni:n2=
1:3:5. This shows that only odd harmonics are presentin the modes of vibrations of the
air column closed at one end.

Exercises | Q 9| Page 156
With a neatlabelled diagram, show that all hagmenics are present in an air column
contained in a pipe open at both the ends: Define end correction.

Stationary waves are produced dueto the superposition of two identical simple
harmonic progressive wayes traveling through the same part of the medium in opposite
direction. In the case of pipe open at both ends, the air molecules nearthe open end
are free to vibrate, hence théy vibrate with maximum amplitude. Therefore the open end
becomes an antinode.

& A A

1I ..I' .f\&_ 1. _; - -H_Fd-.i ni
.\ : 1 ) ';" ">‘\T\
g 4 LN
& e H\ A
L Wl Lz [ a2 1| L
\ kl: '\ ! |~ o \
; . #}
i o) B
: ' i B ,fjl‘?“;
e ! ] % , ™ [ 4 -,
A o A

The simplest mode of vibration is the fundamental mode of vibration. (in above figa) In
this case one node & two antinodes are formed. If A1 be the corresponding wavelength
&
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A
L be length of the pipe L. = ?1

A = 2L 6

If nq be corresponding frequency and v be velocity of sound in air v = n; A; @

: <
]:I. _ —
X o
ny = 2l ...... (1) This is called 1st harmonic. @

The next possible mode of vibration is called the 1st overtone. (inh@ In this

case, two nodes and three antinodes are formed. If A2 and n2be the,corresponding
wavelength and frequency,

The next possible mode
three nodes & four antin

& frequency,
R
NG
K\
Az

s are formed. If A3 and n3 be the corresponding wavelength
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n3 = 3%L

This is called 3rd harmonic. %
ny:Mo:ng:x1:2:3 @

Thusin case of pipe open at both end, all harmonics are present. %
In this case, the node is forming at the closed-endi.e. at the water surface & @I i
[

forming at the open end. Butantinode is not formed exactly at the open en ly
outside it since air molecules are free to vibrate. The correction hasto begap
called end correction.

Exercises | Q 10 | Page 156
A wave of frequency 500 Hz is traveling with a speed of 350 m/s. Whatis the phase
1.

difference between two displacements at a certain point at times apart? (b) what
will be the smallest distance between two points which ar ut of phase atan
instant of time?

SOLUTION ¢ Q

Data: n = 500 Hz, v = 350 m/s \

v=nxA OQ

SN = ?Tg =07 m

(@) t = 1.0 ms = 0.001 s, the ce is the distance covered vxt = 350x 0.001 =0.35m

. Phase difference = 27’@ difference
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Exercises | Q 11 | Page 157

A sound wave in a certain fluid medium s reflected at an obstacle to form a standing
wave. The distance between two successive nodesis 3.75 cm. If the velocity of sound
Is 1500 m/s, find the frequency.

SOLUTION

Data: Distance between two successive nodes

A
=k 3.75 % 1072 m, v = 1500 m/s

~A=75x%x10%m

Vv=nxA
1500
n=

T uBx102 20 kiHz

Exercises | Q 12 | Page 157
Two sources of sound are separated by a distafnee ofi4d m. They both emit sound with

the same amplitude and frequency (330 Hz);Jbut they are 180° out of phase. At what
points between the two sources, will the se@ndintensity be maximum?

SOLUTION
v 330 .
" n 330

Directly at the center of twie, sources of sound, path difference is zero. Butsince the
waves are 180° out@f phase, two maxima on either side should be at a distance of A4
from the pointatghe eenter. Other maxima will be located each A/2 furtheralong.

Thus, the sound,intensity will be maximumat £+ 0.25, £ 0.75, £ 1.25, £ 1.75 m from the
pointat the center

ExgfcigcSus® 13 | Page 157

Two souhd waves travel at a speed of 330 m/s. If their frequencies are also identical
andare’equal to 540 Hz, whatwill be the phase difference between the waves at points
3.5'm from one source and 3 m from the other if the sources are in phase?
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SOLUTION

Data: v = 330 m/s, ny = n; = 540 Hz

v=nxA 6
330

WA= ——=061Tm
540

Here, the path difference =35-3m =05m

Phase difference = E x Path difference \@
A
2 O
- = % 0.5=164m rad

0.61

Exercises | Q 14 | Page 157

Two wires of the same material and the same crgss<section, aresstretched on a
sonometer. One wire is loaded with 1.5 kg and a is loaded with 6 kg. The
vibrating length of the first wire is 60 cm and i ntal frequency of vibration is

the same as that of the second wire. Calcu the'vibrating length of the other wire.

Data:m;=m; = m, L1—60cr®
T1—15kg—14?N0 58.8 N

ndnz—
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58.8
-/ 222 1 06=vEx06=12
14.7 V4 m

The vibrating length of the second wire is 1.2 m. @6

Exercises | Q 15| Page 157
A pipe closed at one end can produce overtones at frequencies 640 Hz, 896 Hz, a
1152 Hz. Calculate the fundamental frequency.

SOLUTION

The difference between the given frequencies of the overtones is 256 Hz. mplies
that they are consecutive overtones. Let nc be the fundamental fr n the closed
pipe and nq, ng-1=the frequencies of the g, (q + 1) and (q + 2)"'¢onsecutive
overtones, where q is an integer.

Data: nq =640 Hz, ng-1=896 Hz, ng+2= 1152 Hz Since o armonics are present
as overtones,
ng=(2q +1) nc * Q
andng+#=[2(q +1) + 1] nc=(2q +3) nc \

o[ Bg+1 ) 2q+3 B 896 B Q

"\ ng / 2q+1 6404,

~14g+7=10g + 15 ®

Therefore, t
overtonesi.

en frequencies correspond to the second, third and fourth
seventh and ninth harmonics, respectively.

~Bnc=

16 | Page 157

Exergis
A standingwave is produced in a tube open at both ends. The fundamental frequency is
0 hatis the length of the tube? (speed of the sound = 340 m s1).

ata: For the tube open at both the ends,

n =300 Hz and v = 340 m s'1 Ignoring end correction, the fundamental frequency of the
tube is
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=Y =30 oseem
2n 2 % 300
The length of the tube open at both the ends is 0.5667 m. E @

at both the ends, of length 25 cm if the speed of soundin airis 330 .

Exercises | Q 17 | Page 157
Find the fundamental, first overtone, and second overtone frequencies o@ n

SOLUTION

Data: Open pipe,L =25 cm = 0.25 m, v =330 m/s The fundament uency of an
open pipe ignoring end correction,

= v L v
OT oL . Q
| 330 \

No= ———— = 660 Hz
2 % 0.25

Since all harmonics are present as @n&s, the first overtone is,

nq = 2ng = 2 x 660 = 1320 Hz®b
The second overtoniQO

N =3n =3 x 660 = z

of a pip one end hasthe same frequency as the first overtone of the open
pipe. are the two pipes?

Exercises | e 157
\ 4
A pipe op & he'ends has a fundamental frequency of 600 Hz. The first overtone
clos t
£

: Open pipe, no = 600 Hz, nc,1 = no, 1 (first overtones)

ran open pipe, the fundamental frequency,

©
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v
2Lo

~. The length of the open pipe is %
330
0= — — = 0275 m @
2np 2 > 600

For the open pipe, the frequency of the first overtone is 6
2ng = 2x 600 = 1200 Hz

nQ =

For the pipe closed at one end, the frequency of the first o |5 —

3v
By the data, — = 1200
4L

3 »x 330
Le=——=0206m ) 4
4 % 1200 \
The length of the pipe open at both endsis 27.5 crmand the length of the pipe closed at
oneendis 20.6 cm. Q

Exercises | Q 19 | Page 157
A string 1mlongis fixed at one eng eother end is moved up and down with
frequency of 15 Hz. Due to thi ta @ ary wave with four complete loops gets

produced on the string. Find @ ed of the progressive wave which producesthe

stationary wave.
[Hint: Remember that th moving end is an antinode.]
SOLUTION
Data: L 4
The strln e t one end. Hence, an antinode will be formed at the free end.
Thus, wi d a haIf loops on the string, the length of the string is
9
= —h
\ 1
4 i 4
— W = —m
9 9
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~. Speed of the progressive wave

4 60
v=1 x — = — =6.667 m/s
9 9

Exercises | Q 20 | Page 157

A violin string vibrates with fundamental frequency of 440Hz. What are the frequengies
of the first and second overtones?

SOLUTION

Data: n = 440 Hz

The first overtone, n1=2n =2 x 400 =880 Hz

The second overtone, n2 = 3n =3 x 400 = 1320 Hz

Exercises | Q 21 | Page 157

A set of 8 tuning forks is arranged in a series of increasing ordepef frequencies. Each
fork gives 4 beats per second with the next one and thesrequency of last fork is twice
that of the first. Calculate the frequencies of thedirst@nd the, lastsfork.

SOLUTION

Data: ns=2n1, beat frequency = 4Hz

The set of a tuning forkis arranged in thejincrgasing order of their frequencies.
~n2=ni1+4

n3=nz2+4=n1+2x4

na=n3+4=n1+3 x4

~ng=n7+4=n1+7x43n14+ 28

Since ns= 2n1,

2n1=n1+¢8

~ The fregueney ofthefirst fork, n1=28 Hz

~ The frequency of the last fork,

ng= N1+28 = 28 + 28 = 56 Hz

E%ertiSes | Q 22 | Page 157

A,sonometer wire is stretched by the tension of 40 N. It vibrates in unison with atuning
fork of frequency 384 Hz. How many numbers of beats get produced in two seconds if
the tension in the wire is decreased by 1.24 N?
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SOLUTION

Data: T; =40 N, ny = 384 Hz,
T,=40-124 =38.76N @6

1 [T, 1 T, 6
nf=——=4/— andny, = — =4/ —
v/21 m 21 m 6
m T (b»
h m B T C\

Ny 38.76 /0,969
Lo—— =4/ —— = v 0.969 = 0.9844
384 40

s ny =384 x 0.9844 = 378.0 Hz Q
.
ny-ny;=384-378=6Hz \

. The number of beats produced in onds
=2x6=12 G

Exercises | Q 23 | Page 157

A sonometer wire of length 0. hed by a weightof 5 kg. The fundamental
frequency of vibration is 100 ulate the linear density of wire.

SOLUTION 0

Data: L =05m, {=5kg =5x9.8 =49 N,
n =100z

T
A1,%n2

density, m =

49

A ©4(0.5)%(100)?

=49 x 1073 kg/m
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Exercises | Q 24 | Page 157
The string of a guitaris 80 cm long and has a fundamental frequency of 112 Hz. If a

guitaristwishes to produce a frequency of 160 Hz, where should the person press the
string? 6

@
Data: L; = 80 cm, n; = 112 Hz, n = 160 Hz 6

According to the law of length, nqL; = nsL5.
.. The vibrating length to produce the fundamental frequenw,
L 112(80
ol 112080) oo Q
no 160
S \Q
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